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Injection and suction effects on three-dimensional
unsteady flow and heat transfer between two parallel
porous plates

R.C. Chaudhary Bhupendra Kumar Sharma

Abstract

The problem of unsteady three-dimensional flow of an incompressible viscous fluid
between two horizontal parallel porous plates with transverse sinusoidal injection of
the fluid at the stationary plate and with constant suction through the plate in uniform
motion has been studied. The moving plate is kept at oscillating wall temperature
while the stationary plate is at constant temperature. Analytical expressions for ve-
locity, temperature, and rate of heat transfer are obtained and discussed with the help
of graphs and tables.

Keywords: Three-dimensional Unsteady flow, Heat transfer, Injection and Suction,

Porous plates.

1 Introduction

The problem of laminar flow control is gaining considerable importance
in the field of aeronautical engineering in view of its application to reduce
drag and hence the vehicle powers requirements by a substantial amount.
The increase in the drag coefficient may be prevented by the suction of
the fluid and heat transfer from the boundary layer to the wall. The va-
rious theoretical and experimental studies of different arrangements and
configurations of suction holes and slits have been compiled by Lachmann
[1].

To reduce the drag by increasing suction alone is uneconomical, as
the energy consumption of the suction pump will be more. Therefore,
the method of “Cooling of the wall” in controlling the laminar flow to-
gether with the application of suction has become more useful and has
consequently been focused in recent times. Most of the investigators
have however confined themselves to two-dimensional flows. The exact
solution of the plane Couette flow with transpiration cooling has been
studied by Eckert [2]. He considered the uniform injection and suction
at the porous plates and hence the problem remained two-dimensional.
However, situations may arise where the flow fields may be essentially
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three-dimensional. One such example is where variation in the suction or
injection velocity distribution is transverse to the potential flow. Gersten
and Gross [3] have studied the effect of transverse sinusoidal suction velo-
city distribution on flow and heat transfer over a plane wall with constant
temperature. Singh [4, 5] and Singh [6] extended this idea further to hori-
zontal and vertical porous plates with constant wall temperature. Singh
[7] further studied the Couette flow with transpiration cooling to get a
better record of the sinusoidal injection velocity. However, the plates are
kept at constant temperature.

The problems involving a periodic surface temperature are of consi-
derable practical importance in estimating the periodic temperatures
(and periodic thermal stresses) in the walls of combustion engines. Hence,
the aim of this paper is to study the effects of injection and suction on the
unsteady three-dimensional flow and heat transfer, caused by the periodic
injection velocity perpendicular to the flow direction at the stationary
plate, while the upper moving plate is kept at periodic wall temperature.

2 Formulation of the problem

We consider the flow of a viscous incompressible fluid between two parallel
flat porous plates. The upper plate in uniform motion with velocity U is
subjected to a constant suction Vjy velocity and the lower to a transverse
sinusoidal injection velocity distribution of the form

V(") :Vo<1—|—scos ”j) 1)

where ¢ is a positive constant quantity (< 1). Without any loss of ge-
nerality, the distance d between the plates is taken equal to the wave
length of the injection velocity. All physical quantities are independent
of x* for this problem of fully developed laminar flow but the flow re-
mains three-dimensional due to the injection velocity (1). Thus, under
the usual Boussinesq approximation, the flow is governed by the following
equations:

Continuity equation

ov*  ow*
By + 9 0. (2)




Injection and suction

Momentum equations
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The boundary conditions are

y*=0; u* =0, 1)*:1/()(1—&—80037%*), w* =0, T* =Ty
yr=d; vt =U, v =Vy, w =0, T* =Ty +e(Ty — Tp)e™ "

Now introducing the following non-dimensional quantities

R
u:%, v:%, w:wv;, Pr:”f;p, p:pf;;z,,
0= g:::,T{)) ,  A(injection parameter) = @
we get
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The corresponding boundary conditions reduce to

0; wu=0, v=1+4+c¢ecosnz,
L

i

w =0,
u=1 v=1, w=0, T=1+c¢ee*,

T=0.
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3 Solution

When the amplitude of injection velocity € < 1, we assume the solution
in the neighbourhood of the plate of the form

f(yazvt) = fO(y) + Efl(y,Z,t) + €2f2(y7 Z7t) +oe (14)

where f stands for any of u, v, w, p and 6. When € = 0 the problem is
reduced to the well known two-dimensional flow with constant injection
and suction at both plates. The solution of this two-dimensional problem
is

er—1"
Oy = eM—1

{ ug (y) = . vo=1, wy=0, py= constant (15)

er—1"

Taking into account the solutions of the transverse velocity components vg
and wq, the terms on the comparison of coefficients of € give the following
equations:

G+ =0 (16)
1 Ouy Oug Ouy 1 (0%  O%uy
o gy rnge = 3 (e 9E) 1)

with boundary conditions

{y:O; u=0, wvy=cosmz, w; =0, 60;=0. (21)

y=1, w1 =0, v1=0, w =0, 60 =e“t.
This is the set of linear partial differential equations which describe the

three-dimensional flow. In order to solve these equations we separate the
variables y, z and ¢ in the following manner:

uy (y, 2, t) upy (y) €™ + ugg (y) cosmz (22)

v1 (y,2,t) = w11 (y) et 4+ vy (y)cosmz (23)
) 1

wy (y,z,t) = — |zv11 (y) et 4 ;012 (y)sinmz (24)

p1(y,z,t) = pu(y)e™ +pia(y)cosmz (25)

01(y,2,t) = 611 (y) e’ + 012 (y)cosmz (26)
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Equations (23) and (24) are chosen so that the equation of continuity
(16) is satisfied. Substituting equations (22) to (26) in equations (17) to
(21) and equating the coefficient of harmonic and non-harmonic terms,
we get the following equations:

A\
ufy — Ay — i _ Auguy (27)
ufy — Ay — Uy = Aughuio (28)
y=0; wu;; =0, wup=0.
{ y=1 w1 =0, wup=0. (29)
\i
Ullll - /\7/11 - wfn = )\P,n (30)
U/1/2 - /\U/m - 7T2U12 = )\P,12 (31)
\i
R (32)
vy — iy — 7721)32 = M’pio (33)
{ y=0; v11 =0, viz2=1, ,0/12 =0, ’1}/11 =0. (34)
y=1 wvi1=0, vig=1, p11=0, pi2=0.
A Priwd
"~ APré, — % = APr&un (35)
3/2 —A\Pr 9’12 — 7T2912 = APr 961112 (36)
y=0; 6;1=0, 612=0.
{ y=1, 011=0, 012=0. (37)

From these equations the solutions of wq, v1, wy, p1, 1 are obtained as

A A1 A2
— | Le™Y & MeT2Y (A+r1)y (Atr2)y
iy, 2) [ © © Ae* — 1 (21”16 + 27“26

— ée(/\J”r)y + &e(’\”)y)} cosTz (38)
m 7T

1

" (A1e™¥ + Age™Y — Aze™ — Age” ™) cosTz  (39)

U1 (y,Z) =

1
wi(y, z) = E(Alrle”y + Agroe™Y — wAse™ + wAge” ™) sinmwz  (40)
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p1(y,2) = Z(Age +  Age™)cosmz (41)
miy _ ,may ) AP 2 A (r1+APr)y
01(y, z,t) = C T et ,\Pr L
em — em2 A(erPr — 1)\ ri(Pr+1)
AZe(err)\ Pr)y Age(ﬂ'+)\ Pr)y A46()‘ Pr—m)y oy ooy
ro(Pr+1) mPr * mPr >—|—Re e ]COSWZ
(42)
where
A = 2(rg—11) (1 + 6””2) — [(ro —r1) + 2] (e”J”T + e”*”)
—[(rg — 1) — 27] (e“*7r + e”*“)
A1 = (71’ — 7“2 TZ_HF — (7T + 7’2) e 2r9
A = (m+mr)e " — (7T —71) entT 2r;
Az = (ri—m)e ™t (rg—m)e ™ —(ry —m) e "
Ay = (r1—ra)e™ ™ 4 (rg+m) entm (r1 + ) er2 T
1 1
no= 3 (A VAt 4w2> ro =3 <>\ VT 4772)
)\ A]_ by
L = 2 (o2 AT
Al —1)(err —em2) {27"1 (e —e™m)
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)‘PrQ Ay APr+4rq s1
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(APr—\/()\Pr)2+)\Priw).

Substituting equations (15), (42) in equation (14), we get the expression
for the temperature profiles. The temperature can now be expressed in
terms of fluctuating parts as

0(y,zt) =00 (y) + e [(T coswt — T; sinwt) + 012 (y) cos mz] (43)

where 1y oy
. ey —e
T, +T; =

em —emz

For wt = § we can now obtain the temperature profiles as

0 (y, 2, %) =0 (y) + (012 (y)cosmz —T;). (44)

4 Discussion

Fig.1 gives the main flow velocity profiles for z = 0 and € = 0.2. If there
is neither injection nor suction, the dotted line represents the well known
Couette flow. This figure reveals that the velocity decreases exponentially
when there is injection. For higher rate of injection the decay is greater.
The maximum and minimum values of the velocities occur on the plates,
which are the velocities of the plates. The secondary flow component
w1, which is due to the transverse sinusoidal injection velocity, is shown
in Fig.2, for several injection parameters. The maximum of the velo-
city occurs in the fluid not far from the stationary plate. The transient
temperature profiles are shown in Fig.3 for z = 0. In the region between
the plates the fluid will be heated to a temperature below that of the
moving plate, which is kept at maximum temperature, hence maximum
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Figure 1: Main flow velocity profiles for z = 0 and ¢ = 0.2
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Figure 2: Cross flow velocity for z = 0.5
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Figure 3: Transient temperature profiles for wt = /2 (e =
0)

A=05pr=071

g

A=lf=071

I

06

04

nz

L1 W=05 =7

A=l =7

Figure 4: Sinusoidal rate of heat transfer for e = 0.2
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occurs at that plate. When the rate of injection increases, the cooling
occurs in the region. It is found that the temperature in the case of air is
more than that of water. For Pr = 7 (water), the temperature decreases
exponentially from the plate kept at higher temperature. For higher A,
this decay is greater. The maximum and minimum values of temperature
occur on the plates.

From the temperature field we can calculate the rate of heat transfer
in non-dimensional form as

dq* 00 00 00
g4 _ <_> - (_0) te <_1> (45)
k (Ty — Tp) y y=0 0y y=0 oy y=0
and in terms of the amplitude and the phase ¢, can be expressed as

q=q1 +¢|N|cos (wt + ga) (46)

where the sinusoidal rate of heat transfer

A Pr A Pr? Ay (APr4ry)
ey s T L T Ty < m(Pr+1)
As(APr+r2)  As(APr+4+m)  A4(APr—m)

ro(Pr+1) 7 Pr * 7 Pr oS T,

N, +iN; = % and tana = Fi
The sinusoidal rate of heat transfer is, as Fig.4 also shows, a function
of the Prandtl number Pr and injection parameter A\. When Pr = 0.71
(air), which means the viscosity is small but the thermal conductivity
is finite, the heat transfer is great. However, when the viscosity is large
in comparison to the thermal diffusivity (Pr = 7, in the case of water),
the heat transfer reduces. The deviation from the numerically calculated
heat transfer amounts significantly for 0.71 < Pr < 7. It is also observed
from the figure that in the case of blowing (injection) the heat transfer
decreases as Prandt] number increases.

Table 1
A | Prjw |N| tan o
) 10 20 ) 10 20
0.5 | 0.71 | 0.9887 | 0.9850 | 0.9299 | 0.8389 | 0.8967 | 0.9319
0.5 7 0.7738 | 0.5733 | 0.3377 | 0.9313 | 0.9117 | 0.8984
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Table 2
A | Pr/jw |N| tan «
) 10 20 ) 10 20
0.5 0.71 | 0.6908 | 0.6822 | 0.6165 | 0.7299 | 0.8330 | 0.8840
0.5 7 0.4455 | 0.2586 | 0.1078 | 0.9736 | 0.8892 | 0.8582

Table 1 and Table 2 give the amplitude and phase shift (tanca ) of the
rate of heat transfer for A = 0.5 and A = 1.0 respectively. We observe
that due to the high frequency (w) of the oscillations in temperature, the
magnitude of rate of heat transfer reduces. It is further noted that the
values of |N| are less in water than in air. The values of tan a show that
there is always a phase lead in the rate of heat transfer coefficient.
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