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Abstract

An high-order IIR (In fi nite im pulse re sponse) fil ter is usu ally re al ized in the form of a
cas cade orin the form of a par al lel con nec tion of sec ond-order sec tions. Con se
quently, itis ofin ter est to study prop erties of a sec ond-order digital fil ter struc tures. To
this end, in this pa per we pro pose a new sec ond-order lIR fil ter struc ture. The ef fect of
mul ti plier co ef fi cient quantization of the pro posed struc ture is an a lyzed us ing the
MATLAB-based sym bolic analy sis. The sen sitivity ma trix of the struc ture is com putedin
a sym bolic form and its pole sen si tiv i ties are com pared with that of other known
structures.

Key words: |IRfilter, second-ordersection, quantization, sensitivityanalysis, sensitivity
matrix, pole sensitivity.

Resumen

Los filtros digitales de alto orden con la respuesta al impulso infinita (IIR) se
implementan normalmente en forma de cascada o en forma de una conexién paralela
de segundo orden, respectivamente. Por tal motivo, hay un interés para investigar las
caracteristicas de las secciones de segundo orden. En este articulo se propone una
nueva estructura lIR de segundo orden. Los efectos de la cuantizacion de los coefi-
cientes de la estructura propuesta son hechos utilizando herramienta simbdlica de
MATLAB. La matriz de la sensitividad de la estructura se obtiene de una forma
simbdlica y sus polos sensitivos son comparados con otras estructuras conocidas.

Descriptores: Filtro IIR, seccion del orden dos, cuantizacion, analisis de sensitividad,
matriz de la sensitividad, sensitividad de los polos.

“RECIENTES

ANALlIsIs simMmbOlico seENsITIVO AE [A NUEVA ESTRUCTURA

Introduction

The main effect of multiplier coefficient quantiza-
tion on Infinite Impulse Response (IIR) digital filters
is to movethe poles and zeros to different locations
from their original locations. As a result, the actual
frequency response is different from the desired
frequency response and may not be acceptable to

the user (Mitra, 2006). Since the poles of the
transfer function are more critical in determining
the frequency response of the filter, we restrict our
attention only to the movement of poles caused by
quantization. If a pole remains close to the original
location after coefficient quantization, the structure
exhibits low pole sensitivity. Otherwise, the struc-
ture is expected to exhibit high pole sensitivity.
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Additionally, a higher-order IIR filter is usually
realized in the form of a cascade of second-order
sections or in the form of a parallel connection of
second orders sections. To this end, a low pole
sensitivity of a high order IIR filter can be obtained
by combining second order sections with low pole
sensitivities.

Consider a second-order IIR filter transfer func-
tion
H(z = N@) )
D(2)

where the denominator polynomial is given by
D(2)=Zz*-bz+c (2)
and b and c¢ are positive constants.
The poles of H(z) of equation (1) are at
Py = re*s, 3)
where r is radius and qis the angle. Consequently,
c=r?; b =2rcos(q)- (4)
Small changes of the coefficients b and ¢, by
the amounts Db and Dc respectively, result in a
new denominator polynomial
D(2) = 72 - (b + Db) xz +(c + Do), (5)
The corresponding poles are at
Py, = (r+Dr)e™ o, ©)
Using equations (4)-(6) we relate the changes

of the pole radius and angle with the changes of
the coefficients b and ¢ as

/D.\ AY
é u:AéDCu

A (7)
eDad  EXH

where (Mitra, 2006)

5 1/2r 0 )
= u 8)

8L /2%e(q) -1/2rsn@)H

We consider here digital filter structures with
two distinct multiplier coefficients a and b. The
most general form of the functional dependence of

the constants b and con a and b is given by:

c=cia™ +cb™ +cza™b"e.

9)
b=ba’ +b,b% +h,ahs .
From equation (9) we have
xu_p gad (10)
gbbY ebby
Using Equations (7) and(10) we arrive at
eDru_ 4 ,g.8PR0_ ¢ &R0 (11)

&gt 8DbH &by

where Cis the sensitivity matrix.

In order to compare the sensitivities of different
structures we need a quantitative sensitivity
measure. To this end, we use here the upper limit
of the variations of Drand Dq in the pole radius and
angle, respectively, for a given change in the mul-
tiplier values, Da and Db. The upper limit of va-
riation of a function DF can be estimated by the
worst-case method as (Lutovac & Tosic, 2001)

d
DF byost cse = A | S DX,; (12)
i=1

where SXF_ is the sensitivity of Fto the parameter x .
Applying equation (11) to equation (12) we have

=€Dri or —je); py, = €A
gdgH

= Soatl (13)
EDbH
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Finally, it follows

Dr

ébay
c (14)
DY [C]

worg 0883: ngB ,

D M
@ xi g enid

or

Dr|vorstcase JJ0(1,1)Da | +|C(1,2) Db,
(15)
D0l\orstease SC(2,1) D8 | +|C(2,2) Db,

The rest of the paper is organized in the following
manner. The new structure is proposed in the next
section, followed by the derivation of the symbolic
sensitivity matrix of the proposed structure. Finally,
the pole sensitivities of the proposed structure are
compared with that of other known structures.

Proposed structure

We propose a new structure, containing 3 mul-
tipliers as shown in figure 1.

Its transfer function is given by

b
- 1
M) = o i anyz+ 02 (16

The pole distributions of the (16) using N=5
number of bits to represent the multiplier values, is
given in figure 2 The figure shows the poles for
each value of a and B, and —1< a, <1, for which
the coefficients fulfill the requirements of stability

|bl<1+c (17)
lcl<1

Input g 1
{2

e

imaginary axis
X 2

real axig

Figure 2. Pole distri bu tion of the proposed structure
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Figure 2 indicates that there is a low sensitivity in
the bandpass region. We use the sensitivity
analysis described in Jovanovic Dolecek & Mitra
(2006), to investigate in more details the sen-
sitivity characteristics of the proposed structure.

General symbolic sensitivity matrix

In this section we use the result from Jovanovic
Dolecek & Mitra (2006), to get the elements of the
general sensitivity matrix C from equation (11) in
the form

1 c,a™m, +c,a™ mb™

C(L1)=2—r a

’

C(1,2)=£ c,b™m, +ca ™ m4bm“,
2r b

may m ma
0(2’1):; (cia "m1 +032a_ msb ™ )cos(q)
2 ar<sin(Q)

n n n (18)
bpa*n +bha*nb*)
ar sin(0) '

1
2

1 (c,b">m, +c,a ™ m,b™ )cos(q)
c(22)== 2 2 03,2 - 4 q i
2 br-sin(q)

1 (b,b™n, +bsa™n,b™)
2 brsin(q) '

Next, the sensitivity matrix of the given struc-
ture is evaluated in two steps:

First, the symbolic coefficients in equations (18)

{b1, b2, b3, n1, n2, n3, n4, c1, c2,
¢3, m1, m2, m3, m4} (19)

are replaced with the actual values of these coeffi-
cients obtained from the transfer function of the
proposed structure using the MATLAB command

C1 =subs(C,{symbolic coeffs},{actual values})
(20)

Next, the symbolic values of the multiplier coeffi-
cients a and b are replaced with their actual ex-

pressions as functions of the radius rand the angle
g of the poles using the MATLAB command

C2 =subs(C1,{a,b}, {actual expressions})
(21)
Comparing the denominator of equation (16)

with the general form given by equation (9) we
have the following actual values of the symbolic

coefficients (19):

bl :1,b2 :O,b3 =- 1,n1 =

n, :O,r}3 =n, =1,

(22)
7] :OyCQ :11 3 :Oyml :Ovm2 :21
m, =0,m, = 0.

Additionally it follows from equations (2), (9)
and (16) :

p 23)

b=r

In that way we get the symbolic sensitivity matrix
of the proposed structure:

é O 1 u
é u
=a .1 5 1 a: (24)
é25|n(q) 2r sm(q)L,J
é 0

From equations (18) and (27) we have
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Drworst ase = 00|, phase values in the range [p/4 — p/2]. In order to

(25) compare the sensitivity of the proposed structure

we find the sensitivities diagrams of some well

1 | 1 known structures, using the same values of pole
Dqlmrstcase - . Da + Db i

2sin(q) |2r2 sin(g) radius and the same phase values, and the method

described in Jovanovic Dolecek & Mitra (2006).
The corresponding sensitivity diagrams are shown

In a similar way we find the diagrams (25) for R ) ,
in figure 3 (b)—(f). The results are summarized in

some known structures used in the next section.

the table 1.
Discussion
The sensitivity diagrams (25) for the proposed
structure are plotted in figure 3 (a) for values of the
pole radius in the range [0.8 — 0.99], and the
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(a) Proposed structure (b) Coupled struc ture (Gold & Reader, 1967)
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(c) Zolzer struc ture (Zolzer, 1990) (d) Kingsbury struc ture ( Kings bury, 1972)

Figure 3. Sensi tivity diagrams
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(e) BPS 1, (Jovanovic & Mitra, 2002)
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(f) Modified coupled struc ture (Yan & Mitra 1982).

Figure 3. Sensi tivity diagrams

Table 1. Comparison the proposed with some known structures

Structure Max (Do) Max (Dr)
Proposed 0.057 0.031
Kinsbury 0.07 0.029
Coupled 0.055 0.0448
BPS1 0.022 0.4
Zolzer 0.095 0.028
Modified coupled 0.03 0.06
Conclusions ture. Using the symbolic matrices we plotted the

The main effect of multiplier coefficient quan-
tization on IIR digital filters is tomove the poles and
zeros to different locations from their original lo-
cations. As a result, the actual frequency res-
ponse is different from the desired frequency res-
ponse. Since the poles of the transfer function
are more critical in determining the frequency res-
ponse of the filter, we restricted our attention only
to the movement of poles caused by quantization.

We proposed a new second order structure with
three multipliers. The analysis of the effects of
quantization on the structure is done using the
MATLAB-based symbolic toolbox. We derived the
sym- bolic sensitivity matrix of the proposed struc-

64

sensitivity diagrams to compare the sensitivity cha-
racteristics of the proposed and some known
structures. The analysis demonstrates that the pro-

posed structure has a low sensitivity for values of
the pole radius in the range [0.8 — 0.99], and the
phase values in the range [p/4 — p/2].
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